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ON THE MUMFORD-TATE CONJECTURE FOR
HYPERKA¨HLER VARIETIES
by
Salvatore Floccari
Abstract. — We study the Mumford–Tate conjecture for hyperka¨hler varieties. Building
on work of Markman, we show that it holds in every degree for all varieties deformation
equivalent to a Hilbert scheme of points on a K3 surface and their self-products. For an
arbitrary hyperka¨hler variety whose second Betti number is not 3, we prove the Mumford–
Tate conjecture in every codimension under the assumption that the Ku¨nneth components
in even degree of its Andre´ motive are abelian(1). Our results extend a theorem of Andre´.
.
1. Introduction
1.0. — Let k ⊂ C be a finitely generated field, with algebraic closure k¯ ⊂ C, and
let ℓ be a prime number. Given a smooth and projective variety X over k, Artin’s
comparison theorem gives a canonical identification of Qℓ-vector spaces
HiB
(
X(C),Q
)
⊗Q Qℓ ∼= H
i
e´t
(
Xk¯,Qℓ
)
between singular cohomology groups of X(C) and ℓ-adic cohomology groups of Xk¯.
Both sides come with additional structure, namely, a Hodge structure on the left
hand side and a Galois representation on the right hand side. These data are encoded
in the corresponding tannakian fundamental groups. The Mumford–Tate conjecture
(1)The methods of this paper are considerably improved in the more recent joint work of the author with
Lie Fu and Ziyu Zhang [FFZ19]. We prove in particular that all hyperka¨hler varieties of known deformation
type have abelian Andre´ motive, and establish the Mumford–Tate conjecture for any product of known
hyperka¨hler varieties. For three of the four known deformation types, the abelianity has been also shown
independently by Soldatenkov [Sol19]
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predicts that Artin’s comparison isomorphism identifies the two groups. We refer to
this statement for i = 2j as the Mumford–Tate conjecture in codimension j for X .
The Mumford–Tate conjecture is a difficult open problem. It is known only in a
very limited number of cases, see [Moo17a, §2.4, §3.3, §4.4] for a recent survey.
1.1. Results. — We study the Mumford–Tate conjecture for hyperka¨hler varieties.
The conjecture is known to hold in codimension 1 for these varieties, thanks to work
of Andre´, [And96a]. Our first main result extends Andre´’s theorem to arbitrary
codimension for hyperka¨hler varieties X over k that are of K3[m]-type, i.e., such that
the complex manifoldX(C) is a deformation of the Hilbert scheme of zero-dimensional
subschemes of length m on a K3 surface.
Theorem 1.1. — The Mumford–Tate conjecture holds in any codimension for hy-
perka¨hler varieties of K3[m]-type and all powers of any such variety.
Our method yields a sufficient condition for the validity of the Mumford–Tate
conjecture in any codimension for an arbitrary hyperka¨hler variety with b2 > 3. Our
condition holds under the assumption of abelianity of the even Andre´ motive of X ,
and we obtain the following result.
Theorem 1.2. — Let X be a hyperka¨hler variety such that b2(X) > 3. Assume that,
for all i, the i-th Ku¨nneth component of the Andre´ motive of X is an abelian motive.
Then, the Mumford–Tate conjecture holds in any codimension for X. In particular,
the Hodge and Tate conjecture for X are equivalent.
1.2. Overview of the contents. — We recall in §2 the statement of the Mumford–
Tate conjecture and its stronger motivic version; throughout, we will use the category
of motives constructed by Andre´ in [And96b]. The following is essentially proven
in [And96a] and generalized in [Moo17b].
Theorem 1.3 (Andre´). — Let X be a hyperka¨hler variety such that b2(X) > 3.
Then, the motivic Mumford–Tate conjecture in codimension 1 holds for X.
We then consider the even singular cohomology H+(X(C)) of X(C). A crucial
ingredient for us is the action on H+(X(C)) of a Q-Lie algebra gtot
(
X(C)
)
. This
construction is originally due to Verbitsky ([Ver96]) and has been further studied by
Looijenga and Lunts ([LL97]); we recall it in §3. The even singular cohomology of
X(C) is the Hodge realization of a motive H+(X), whose motivic Galois group will
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be denoted by G+mot(X). We study the interplay between the actions of this group
and of the Lie algebra gtot
(
X(C)
)
on the even singular cohomology of X . We show
in §4 that the Mumford–Tate group MT+(X) of the Hodge structure on the even
cohomology of X is a direct factor of the motivic Galois group G+mot(X). Here we
need to assume that b2(X) > 3 since our starting point is Andre´’s Theorem 1.3.
In §5 we show that a sufficient condition for the Mumford–Tate conjecture to hold
in any codimension for X is that MT+(X) has finite index in the motivic Galois
group G+mot(X), see Proposition 5.1. The proof of Theorem 1.2 is given in §5.2; this
is in fact a direct consequence of our Proposition 5.1 and a general result on abelian
motives due to Andre´, see Theorem 2.3.
In §6 we prove the Mumford–Tate conjecture for hyperka¨hler varieties of K3[m]-
type. Our proof does not rely on the abelianity of their Andre´ motives. Rather, we
use Proposition 4.1 which says that MT+(X) is a direct product factor of G+mot(X);
moreover, the complement satisfies various constraints and in particular it commutes
with the action of gtot
(
X(C)
)
, see Lemma 4.3. For the K3[m]-type, we have a very
effective understanding of this action(2) thanks to work of Markman [Mar08], and we
deduce from his results that the Mumford–Tate group has finite index in the motivic
Galois group. We apply Proposition 5.1 to conclude.
1.3. Notations and conventions. — Throughout the whole text, k ⊂ C will de-
note a finitely generated field with algebraic closure k¯ ⊂ C, and ℓ will be a fixed prime
number. A hyperka¨hler variety over k is a smooth projective variety over k such that
X(C) is a hyperka¨hler manifold, as defined in §3.0. Given a complex variety X , we
write Hi(X) for its rational singular cohomology groups. The word “motive” always
indicates an object of Andre´’s category of motives (see §2.4).
Acknowledgements. — I am most grateful to Ben Moonen and Arne Smeets for
their careful reading and the many comments, which substantially improved this text.
(2)After this paper was written, the representations occuring in this way have been described for all the
known deformation types in [GKLR19]. It turns out that our method can be directly applied to prove
the Mumford–Tate conjecture for varieties deformation equivalent to the O’Grady 10-dimensional variety
constructed in [O’G99].
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2. The Mumford–Tate conjecture
2.0. — We refer to [Moo17a] and the references therein. With notations and as-
sumptions as in §1.3, we let X be a smooth projective variety over the field k. We
can extract information about X by looking at various cohomology groups.
2.1. Betti cohomology. — We denote by HiB(X) the i-th singular cohomology
group with rational coefficients of the complex manifold X(C). It carries a pure
polarizable Q-Hodge structure of weight i. Associated to HiB(X) is its Mumford–Tate
group MT
(
HiB(X)
)
; it is a reductive, connected algebraic subgroup of GL
(
HiB(X)
)
.
2.2. ℓ-adic cohomology. — We write Hiℓ(X) for the i-th e´tale cohomology
group of Xk¯ with Qℓ-coefficients, which carries a pure weight i Galois representa-
tion σℓ : Gal(k¯/k)→ GL
(
Hiℓ(X)
)
; we denote by Gℓ
(
Hiℓ(X)
)
the Zariski closure of the
image of σℓ. It is an algebraic group over Qℓ. If k
′/k is a field extension, and if Xk′
denotes the base change of X to k′, it may happen that Gℓ
(
Hiℓ(Xk′)
)
becomes smaller
than Gℓ
(
Hiℓ(X)
)
; however, the connected component of the identity Gℓ
(
Hiℓ(X)
)0
is
stable under finite field extensions, and there exists a finite field extension k′/k such
that Gℓ
(
Hiℓ(Xk′)
)
is connected.
2.3. — Artin’s comparison theorem states that, for all X and i as above, there is a
canonical isomorphism of Qℓ-vector spaces
HiB(X)⊗Qℓ
∼= Hiℓ(X).
Conjecture 2.1 (Mumford–Tate). — Under the isomorphism of algebraic
groups GL
(
HiB(X)
)
⊗Qℓ ∼= GL
(
Hiℓ(X)
)
induced by Artin’s comparison isomorphism,
we have
MT
(
HiB(X)
)
⊗Qℓ = Gℓ
(
Hiℓ(X)
)0
.
The Mumford–Tate conjecture in codimension j for X is this statement for i = 2j.
2.4. Motives. — A third algebraic group is often useful in order to compare the
two groups involved in the Mumford–Tate conjecture. Let Motk be the category
of Andre´’s motives over k, [And96b]; it is a Q-linear neutral tannakian semisimple
category. We will denote motives by calligraphic letters. Let M ∈ Motk. For a field
extension k′/k, we let Mk′ be the motive over k
′ obtained from M via base change.
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2.5. — The inclusion k ⊂ C determines a realization functor from Motk to the cat-
egory of polarizable Q-Hodge structures, and we write MB for the Hodge realization
of the motive M. The composition with the forgetful functor to Q-vector spaces is
a fibre functor on Motk; the tannakian formalism then yields a reductive Q-algebraic
group Gmot(M), which is a subgroup of GL(MB). The full tensor subcategory 〈M〉
⊗
of Motk generated by M is equivalent to the category of finite dimensional represen-
tations of Gmot(M). We call this group the motivic Galois group of M.
2.6. — The prime ℓ determines another realization functor to the category of ℓ-adic
Galois representations; we write Mℓ for the Galois representation attached to the
motive M. We obtain an algebraic group Gmot,ℓ(M) ⊂ GL(Mℓ) over Qℓ such that
the category of its finite dimensional representations is equivalent to 〈M〉⊗ ⊗ Qℓ.
Artin’s comparison theorem yields an isomorphism MB ⊗ Qℓ ∼= Mℓ, inducing an
identification Gmot(M)⊗Qℓ = Gmot,ℓ(M) of subgroups of GL(MB)⊗Qℓ ∼= GL(Mℓ).
2.7. — We refer to [Moo17a, §3.1] for an enlightening discussion of the behaviour of
Gmot(M) under base field extensions. It suffices to say that there exists a finite field
extension k⋄/k such that Gmot(Mk′) ∼= Gmot(Mk⋄) for all extensions k
′/k⋄.
Conjecture 2.2 (Motivic Mumford–Tate). — For any motive M over k, we
have
MT
(
MB
)
= Gmot
(
Mk¯
)
, and Gℓ
(
Mℓ
)0
= Gmot
(
Mk¯
)
⊗Qℓ.
We summarize a few known facts about these groups.
– There are natural inclusions
MT(MB) ⊂ Gmot(Mk¯) and Gℓ(Mℓ)
0 ⊂ Gmot(Mk¯)⊗Qℓ.
– The algebraic group MT(MB) is connected and reductive. On the other hand,
Gℓ(Mℓ)
0 is not known to be reductive, while Gmot(Mk¯) is reductive, but not
known to be connected in general.
2.8. — There are contravariant functors Hi from the category of smooth projective
varieties over k to Motk, such that, for any smooth projective variety X over k, we
have (
Hi(X)
)
B
= HiB(X) and
(
Hi(X)
)
ℓ
= Hiℓ(X).
Therefore, Conjecture 2.2 implies Conjecture 2.1. We refer to Conjecture 2.2 for the
motive H2j(X) as to the motivic Mumford–Tate conjecture for X in codimension j.
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2.9. Abelian motives. — A motive M ∈ Motk is abelian if it belongs to the
tannakian subcategory generated by the motives of all abelian varieties over k. The
main property of abelian motives we will need is the following theorem due to Andre´,
[And96b], which improves Deligne’s theorem on absolute Hodge classes on abelian
varieties from [Del82].
Theorem 2.3. — Let M∈ Motk be an abelian motive. Then we have
MT(MB) = Gmot(Mk¯).
This is half of the motivated Mumford–Tate conjecture 2.2 for abelian motives.
3. Hyperka¨hler varieties
3.0. — In this section, we work over the base field C. A hyperka¨hler manifold X
is a connected, simply connected, compact complex manifold admitting a nowhere
degenerate holomorphic 2-form whose class spans H0,2(X). At times, we use the
expression “hyperka¨hler variety” instead of writing “projective hyperka¨hler mani-
fold”. The dimension of such a manifold is always even; hyperka¨hler surfaces are
K3 surfaces. The second cohomology group of a hyperka¨hler manifold X carries
a canonical symmetric bilinear form, the Beauville–Bogomolov form, which is non-
degenerate and invariant under deformations; it induces a morphism of Hodge struc-
tures H2(X)(1) ⊗ H2(X)(1) → Q. We refer to [Bea83] and [Huy99] for a detailed
discussion of the general properties of these manifolds.
Let X be a complex hyperka¨hler variety of dimension n. The rational cohomol-
ogy H∗(X) of X is a graded algebra via cup product. Verbitsky studied in [Ver96] a
Lie algebra action on H∗(X), which we describe below. See also [LL97] for the more
general theory of Lefschetz modules.
3.1. — Let θ ∈ End
(
H∗(X)
)
be the degree 0 endomorphism whose action on Hj(X)
is multiplication by j − n, for all j. Given x ∈ H2(X), we denote by Lx the endo-
morphism of H∗(X) which maps a cohomology class α to the product x ∧ α. We
say that a class x ∈ H2(X) has the Lefschetz property if, for all positive integers j,
the map Ljx : H
n−j(X) → Hn+j(X) is an isomorphism. The Lefschetz property
for x ∈ H2(X) is equivalent to the existence of Λx ∈ End
(
H∗(X)
)
such that Lx, θ,
ON THE MUMFORD-TATE CONJECTURE FOR HYPERKA¨HLER VARIETIES 7
and Λx form an sl2-triple, i.e.,
[θ, Lx] = 2Lx, [θ,Λx] = −2Λx and [Lx,Λx] = θ.
The endomorphism Λx is uniquely determined, see for instance Proposition 1.4.6
in [GGK+68, Expose´ X].
3.2. — We define gtot(X) as the smallest Lie subalgebra of gl
(
H∗(X)
)
containing Lx,
for all x ∈ H2(X), and Λx, for all x ∈ H
2(X) with the Lefschetz property. The first
Chern class of an ample divisor onX has the Lefschetz property by the Hard Lefschetz
theorem. It is shown in [LL97, §(1.9)] that gtot(X) is a semisimple Q-Lie algebra,
which is evenly graded by the adjoint action of θ, so that gtot(X) =
⊕
i g2i(X). The
action of gtot(X) on the cohomology of X preserves the even and odd cohomology, and
the Lie subalgebra g0(X) consists of the endomorphisms contained in gtot(X) which
preserve the grading of H∗(X). The construction does not depend on the complex
structure; therefore, gtot(X) is deformation invariant.
3.3. — Let now H denote the space H2(X) equipped with the Beauville-Bogomolov
form. Let H˜ denote the orthogonal direct sum of H with U = 〈v, w〉 equipped with
the form 2vw. We summarize the main properties of the Lie algebra gtot(X).
Theorem 3.1. — (a) There is an isomorphism gtot(X) ∼= so(H˜) of Q-Lie alge-
bras, which maps the element θ ∈ gtot(X) to the element of so(H˜) which acts
as multiplication by −2 on v, by 2 on w, and by 0 on H.
(b) We have
gtot(X) = g−2(X)⊕ g0(X)⊕ g2(X).
Moreover, g0(X) ∼= so(H) ⊕ Q · θ, and θ is central in g0(X). The abelian
subalgebra g2(X) is the linear span of the endomorphisms Lx, for x ∈ H
2(X),
and g−2(X) is the span of the Λx, for all x ∈ H
2(X) with the Lefschetz property.
(c) The Lie subalgebra g0(X) acts by derivations on the graded algebra H
∗(X). The
induced action of so(H) ⊂ g0(X) on H
2(X) = H is the standard representation.
The above theorem is proven in [Ver96], and in [LL97, Proposition 4.5]. A proof
can also be found in the appendix of [KSV17]. These proofs are carried out with real
coefficients, but immediately imply the result with rational coefficients: since gtot(X)
is defined over Q, the equality
gtot(X)⊗ R = so(H˜)⊗ R
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of Lie subalgebras of gl(H˜) ⊗ R implies that the same equality already holds with
rational coefficients.
3.4. — We know from Theorem 3.1 that the semisimple part of g0(X) is isomorphic
to so(H). We denote by
ρ : so(H)→
∏
j
gl
(
Hj(X)
)
the restriction of the representation g0(X) →
∏
j gl
(
Hj(X)
)
to the Lie subalge-
bra so(H). We also let ρ+ : so(X) →
∏
i gl
(
H2i(X)
)
denote the representation in-
duced by ρ on the even cohomology of X .
Proposition 3.2. — The representation ρ+ : so(X)→
∏
i gl
(
H2i(X)
)
integrates to
a faithful representation
ρ˜+ : SO(H)→
∏
i
GL
(
H2i(X)
)
,
such that π2 ◦ ρ˜
+ : SO(H) → GL
(
H2(X)
)
= GL(H) is the standard representation,
where π2 is the obvious projection
∏
iGL
(
H2i(X)
)
→ GL
(
H2(X)
)
.
We refer to [Ver95, §8] for a proof. Note that under the representation ρ˜+, the
group SO(H) acts by algebra automorphisms on the even cohomology ofX , by part (c)
of Theorem 3.1.
3.5. — We need to recall one more result. Let WC ∈ End
(
H∗(X,C)
)
be the en-
domorphism which acts on each Hp,q(X) as multiplication by i(p − q). It is known
that WC is the C-linear extension of an endomorphism W ∈ End
(
H∗(X,R)
)
, which
is called the Weil operator.
Theorem 3.3. — The Weil operator W is an element of ρ
(
so(H)
)
⊗ R.
This is proven in [Ver96]; see also the appendix to the paper [KSV17].
3.6. — Let H+(X) denote the weight 0 Hodge structure
⊕
iH
2i(X)(i), and
let MT+(X) denote its Mumford–Tate group. Let π2 : MT
+(X) ։ MT
(
H2(X)(1)
)
be the projection induced by the inclusion of H2(X)(1) into H+(X). We will deduce
the following result from Theorem 3.3.
Corollary 3.4. — The map π2 is an isomorphism
MT+(X) ∼= MT
(
H2(X)(1)
)
.
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In particular, the Hodge structure H+(X) belongs to the tensor subcategory of Q-HSpol
generated by H2(X)(1).
We first prove a lemma.
Lemma 3.5. — We have
MT+(X) ⊂ ρ˜+
(
SO(H)
)
.
Proof. — We identify SO(H) with its image under the representation ρ˜+ from Propo-
sition 3.2. Let T be a tensor construction on H+(X), by which we mean that T is a
finite sum
T =
⊕
i
(
H+(X)
)⊗mi
⊗
(
H+(X)
)∨,⊗ni
.
for some integers mi and ni. Both MT
+(X) and SO(H) act on the space T , as they
are both subgroups of GL
(
H+(X)
)
. In order to show that MT+(X) is contained
into SO(H), it suffices to check that, for all tensor constructions T as above, every
element α of T fixed by the latter is also fixed by MT+(X). Indeed, both groups are
reductive, and we can then apply [Del82, Proposition 3.1] to conclude. Let α ∈ T be
invariant for the SO(H)-action. Then, the image of α in T ⊗ C is in the kernel of
every element of so(H) ⊗ C. By Theorem 3.3, this implies that α is of type (0, 0);
hence α is a Hodge class and it is therefore fixed by the Mumford–Tate group.
Proof of Corollary 3.4. — It suffices to show that the restriction of the projection π2
to MT+(X) is injective. The composition π2 ◦ ρ˜
+ : SO(H)→ GL
(
H2(X)
)
is injective
thanks to Corollary 3.2. As MT+(X) ⊂ ρ˜+
(
SO(H)
)
by Lemma 3.5, it follows that
the restriction of π2 to MT
+(X) is injective, too.
Remark 3.6. — The conclusion of Corollary 3.4 is true even without the projectivity
assumption on X , with the only difference that the Hodge structures involved are not
necessarily polarizable.
4. A splitting of the motivic Galois group
4.0. — In this section, X is a complex hyperka¨hler variety; we further assume that
b2(X) > 3. We consider the weight 0 motive
H+(X) :=
⊕
i
H2i(X)(i) ∈ MotC,
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and we denote by G+mot(X) ⊂
∏
iGL
(
H2i(X)(i)
)
its motivic Galois group. We let π2
be the projection G+mot(X)։ Gmot
(
H2(X)(1)
)
induced by the inclusion of H2(X)(1)
into H+(X), and we define
P (X) := ker(π2) ⊂ G
+
mot(X).
Proposition 4.1. — We have
G+mot(X) = P (X)×MT
+(X).
We will first establish some preliminary results.
Lemma 4.2. — There exists a section s of the map π2,
s : Gmot
(
H2(X)(1)
)
→֒ G+mot(X),
whose image coincides with MT+(X) ⊂ G+mot(X).
Proof. — We have a commutative diagram
G+mot(X) Gmot
(
H2(X)(1)
)
MT+(X) MT
(
H2(X)(1)
)
π2
ι+ ι2
π¯2
Here, ι+ and ι2 denote the natural inclusions; π¯2 and ι2 are isomorphisms due to
Corollary 3.4 and Theorem 1.3 respectively. We can now take s = ι+ ◦ (ι2 ◦ π¯2)
−1.
Lemma 4.3. — The adjoint action of the group P (X) ⊂ GL
(
H+(X)
)
on
gl
(
H+(X)
)
restricts to the identity on the Lie algebra gtot(X).
Proof. — Note that P (X) acts on H+(X) via algebra automorphisms; moreover, its
action preserves the grading and is trivial on H2(X). Hence, if p ∈ P (X), then p
commutes with θ and Lx, for x ∈ H
2(X). Moreover, if x has the Lefschetz property,
then p commutes with Λx as well: indeed, Lx, θ and pΛxp
−1 form an sl2-triple, and this
forces pΛxp
−1 = Λx, see §3.1. As the various operators Lx and Λx, for x ∈ H
2(X),
generate the Lie subalgebra gtot(X) ⊂ gl
(
H+(X)
)
, we conclude that P (X) commutes
with the whole of gtot(X).
Proof of Proposition 4.1. — By Lemma 4.2, P (X) · MT+(X) = G+mot(X), and the
two subgroups have trivial intersection. By Lemma 3.5 and the above Lemma 4.3,
P (X) and MT(X)+ commute. It follows that G+mot(X) is the direct product of these
two subgroups.
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5. A sufficient condition
5.0. — With notations and assumptions as in §1.3, let X be a hyperka¨hler variety
over k, and assume that b2(X) > 3. Consider the weight 0 motive
H+(X) =
⊕
i
H2i(X)(i) ∈Motk,
and write G+mot(X) for its motivic Galois group. Let H
+
B (X) and H
+
ℓ (X) de-
note respectively the Hodge and ℓ-adic realization of H+(X). We write MT+(X)
for MT
(
H+B (X)
)
and G+ℓ (X) for Gℓ
(
H+ℓ (X)
)
. We identify H+B (X)⊗Qℓ with H
+
ℓ (X)
via Artin’s comparison isomorphism. Then both MT+(X) ⊗ Qℓ and G
+
ℓ (X) are
identified with subgroups of GL
(
H+ℓ (X)
)
.
5.1. — Conjecturally, we have MT+(X)⊗Qℓ = G
+
ℓ (X)
0. We refer to this statement
as to the Mumford–Tate conjecture for H+(X); it implies the Mumford–Tate conjec-
ture in codimension j for X for all integers j, and, if X has trivial odd cohomology, it
also implies the Mumford–Tate conjecture in any codimension for any self-power Xk.
Recall from §2.7 that G+ℓ (X)
0 is a subgroup of G+mot(Xk¯) ⊗ Qℓ
∼= G+mot(XC) ⊗ Qℓ,
and that, by Proposition 4.1, we have an equality G+mot(XC) = P (X) ×MT
+(X) of
subgroups of GL
(
H+B (X)
)
.
Proposition 5.1. — Assume that P (X) is finite (resp. trivial). Then the Mumford–
Tate conjecture (resp. the motivated Mumford–Tate conjecture) holds for H+(X)
Proof. — Consider the commutative diagram
MT+(X)⊗Qℓ G
+
mot(Xk¯)⊗Qℓ G
+
ℓ (X)
0
MT
(
H2B(X)(1)
)
⊗Qℓ Gmot
(
H2(Xk¯)(1)
)
⊗Qℓ Gℓ
(
H2ℓ (X)(1)
)0
∼
∼ ∼
The horizontal arrows on the bottom are isomorphisms due to Theorem 1.3, and the
vertical map on the left is an isomorphism thanks to Corollary 3.4. By Proposition 4.1
we have G+mot(Xk¯) = P (X) × MT
+(X); it follows that if P (X) is finite we have
G+mot(Xk¯)
0 = MT+(X). Hence, replacing in the above diagram G+mot(Xk¯) with its
connected component of the identity, also the leftmost arrow on the top becomes an
isomorphism. Thus all arrows become isomorphism, and we obtain
MT+(X)⊗Qℓ = G
+
mot(Xk¯)
0 ⊗Qℓ = G
+
ℓ (X)
0.
12 SALVATORE FLOCCARI
Moreover, if P (X) is trivial then G+mot(Xk¯) is connected and equal to MT
+(X),
and therefore also the motivic Mumford–Tate conjecture holds for H+(Xk¯) in this
case.
5.2. Proof of Theorem 1.2. — By the above Proposition 5.1, it suffices to show
that the assumption that all even Ku¨nneth components H2i(Xk¯) of the motive of
X are abelian implies that P (X) is trivial. Note that this assumption is equivalent
to the abelianity of H+(Xk¯). But then the desired conclusion follows immediately
from Proposition 4.1 and Andre´’s theorem 2.3: indeed, the first result implies that
G+mot(Xk¯) = P (X)×MT
+(X) and the second that G+mot(Xk¯) = MT
+(X).
6. Proof of Theorem 1.1
6.0. — In this section, we let X be a complex hyperka¨hler variety. We say that X
is of K3[m]-type if it is a complex deformation of a Hilbert scheme of 0-dimensional
subschemes of lenght m on some K3 surface. If m = 1 then X is the original K3
surface; we will assume m ≥ 2. It is well-known ([Go¨t90]) that in this case dimX =
2m, the odd cohomology of X vanishes, and the second Betti number equals 23. We
adopt the notation from §4.0. By Proposition 4.1,
G+mot(X) = P (X)×MT
+(X).
Proposition 6.1. — If X is of K3[m]-type, then P (X) is a finite group.
Thanks to our criterion Proposition 5.1, the above proposition implies Theorem 1.1.
The rest of the section is dedicated to the proof of Proposition 6.1.
From now on, we assume that X is of K3[m]-type. We start with a general fact on
Lefschetz modules from [LL97]..
6.1. — Recall from Theorem 3.1 that there is a Lie algebra gtot(X) acting on the
singular cohomology of X . For all i ≥ 0, define
Prim2i(X) := ker
(
g−2(X)
)
∩H2i(X).
Note that Prim2i(X) = 0 for i > m. We denote by A2 ⊂ H
∗(X) the subalgebra gen-
erated by H2(X). The following is proven in [LL97], Corollary 1.13 and Corollary 2.3.
Proposition 6.2. — For all i, the subspace Prim2i(X) is stable under the action
of g0(X). Moreover, the gtot(X)-submodule generated by Prim
2i(X) equals the sub-
space A2 · Prim
2i(X), and we have
⊕
iA2 · Prim
2i(X) = H∗(X).
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6.2. — For l ≥ 0, we let A2l ⊂ H
∗(X) be the subalgebra generated by
⊕
j≤lH
2j(X).
Note that A2l = H
∗(X) for l ≥ m. Recall from Corollary 3.2 that H∗(X) comes with
an SO(H)-representation ρ˜+.
Theorem 6.3 (Markman). — For all i ≥ 1, there exists a subspace C2i ⊂ H2i(X)
such that the following hold.
(a) We have a g0(X)-invariant decomposition
H2i(X) =
(
A2i−2 ∩H
2i(X)
)
⊕ C2i.
Note that this implies C2 = H2(X) and C2i = 0 for i > m. Each C2i is in
particular a subrepresentation for g0(X) and, hence, for SO(H).
(b) The sum
⊕
i≥1 C
2i generates the algebra H∗(X).
(c) The SO(H)-module C2i is a subrepresentation of the sum of a copy of the stan-
dard representation with a one dimensional trivial representation.
Parts (a) and (b) are proven in [Mar08, Corollary 4.6] while (c) is proven in
Lemma 4.8 of the same article.
Remark 6.4. — If X is a moduli space of stable sheaves on a projective K3 surface,
Markman proves that C2i is the realization of a motive C2i, and that there is a
surjective morphism of motives H2(X)(1) ⊕ 1 → C2i(i). However, this is not known
for an arbitrary hyperka¨hler variety of K3[m]-type.
6.3. — Let us recall the construction of the decomposition in part (a) of Theorem 6.3.
(i) Let
∫
X
denote the projection H∗(X) → H4n(X) ∼= Q. Consider the Poincare´
pairing φ : H∗(X)⊗H∗(X)→ Q, given by
φ(α, β) = (−1)q
∫
X
α ∧ β,
for α of degree 2n + 2q. It is shown in [LL97], Proposition 1.6 and its proof,
that the gtot(X)-action preserves infinitesimally the Poincare´ pairing, and that φ
restricts to a non-degenerate pairing on every gtot(X)-submodule.
(ii) For l ≥ 0, consider the gtot(X)-module B2l ⊂ H
∗(X), defined as the gtot(X)-
module generated by
⊕
i
(
Prim2i(X) ∩ A2l
)
.
(iii) Let B⊥2l be the orthogonal complement of B2l with respect to φ. Then B
⊥
2l is a
gtot(X)-submodule of H
∗(X), and we have an isomorphism of gtot(X)-modules
H∗(X) ∼= B2l ⊕B
⊥
2l.
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(iv) For i ≥ 2, define the g0(X)-stable subspace
C2i := B⊥2i−2 ∩H
2i(X).
(v) When i ≥ 2, it is proven in [Mar08, Lemma 4.6], that B2i−2 ∩ H
2i(X) equals
A2i−2∩H
2i(X), and hence the desired decomposition in part (a) of Theorem 6.3
is achieved; part (b) is also clear from the construction of the C2i.
6.4. — We are going to show that the decomposition in part (a) of Theorem 6.3 is
motivic. For l ≥ 0, we define the motive A2l ⊂ H
+(X) as the image of the morphism
in MotC
Sym2n
(⊕
j≤l
H2j(X)(j)
)
→ H+(X)
given by cup-product. For all i and l, the intersection A2l ∩H
2i(X)(i) is a submotive
of H2i(X)(i). The Hodge realization of A2l is the subalgebra of H
+(X) generated
by
⊕
j≤lH
2j(X)(j), which, up to suitable Tate twists, coincides with A2l.
Proposition 6.5. — For i ≥ 1 there is a submotive C2i of H2i(X) such that:
(a) The Hodge realization of C2i is C2i.
(b) There is an isomorphism of motives
H2i(X)(i) ∼=
(
A2i−2 ∩H
2i(X)(i)
)
⊕ C2i(i).
(c) The cup-product morphism
Sym2n
(⊕
i≥1
C2i(i)
)
→ H+(X)
is surjective.
This is achieved by performing the five steps (i)-(v) in §6.3 in the realm of motives.
We start by upgrading Proposition 6.2.
Lemma 6.6. — For all integers i, Prim2i(X) is motivated, i.e., it is the Hodge
realization of a submotive Prim2i(X) of H2i(X). Moreover, the sum of the cup-
product maps ⊕
i
(
A2 ⊗ Prim
2i(X)(i)
)
→ H+(X)
is a surjective morphism in MotC.
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Proof. — Note first of all that Prim2i(i) is a sub-Hodge structure of H2i(X)(i). This
follows from Lemma 3.5 since, by Proposition 6.2, Prim2i(i) is stable for the g0(X)-
action. We have to show that G+mot(X) stabilizes Prim
2i(X)(i). Recall that, by
Proposition 4.1, G+mot(X) = P (X)×MT
+(X), and it thus suffices to check that P (X)
stabilizes each Prim2i(X)(i). By Proposition 4.3, P (X) commutes with gtot(X), and
hence ker
(
g−2(X)
)
=
⊕
i Prim
2i(X)(i) ⊂ H+(X) is stable for the P (X)-action. Since
this action preserves the cohomological grading, the first assertion of the lemma is
proven. The second assertion now follows from Proposition 6.2.
Proof of Proposition 6.5. — For l ≥ 0, define the submotive B2l ⊂ H
+(X) as the
image of the cup-product morphism
⊕
i
(
A2 ⊗
(
A2l ∩ Prim
2i(X)(i)
))
→ H+(X).
It follows from Proposition 6.2 that the Hodge realization of B2l coincides, up to
suitable Tate twists, with B2l as in §6.3(ii). Note that the pairing φ from §6.3(i) is
induced by a linear combination of motivated cycles, namely, some of the Ku¨nneth
components of the class [∆] of the diagonal ∆ ⊂ X ×X ×X . It follows that we have
an orthogonal decomposition with respect to φ
H+(X) ∼= B2l ⊕ B
⊥
2l .
The Hodge realization of B⊥2l, up to suitable Tate twists, coincides with B
⊥
2l as
in §6.3(iii). We now define, for i ≥ 2, the motive
C2i(i) := B⊥2i−2 ∩H
2i(X)(i);
for i = 1, we simply set C2 := H2(X). It is clear that the Hodge realization of C2i is C2i
from §6.3(iv), so that (a) is proven. The other assertions now follow Theorem 6.3.
6.5. — We can finally establish Proposition 6.1.
Proof of Proposition 6.1. — We define the submotive C+ :=
⊕
i C
2i(i) of H+(X). We
also let C+ ⊂ H+(X) be the Hodge realization of C+. We have a representation
P (X)×MT+(X) = G+mot(X)→ GL(C
+),
where the equality on the left is given by Proposition 4.1. Let τ : P (X) → GL(C+)
be the induced representation of P (X). Since P (X) acts via algebra automorphisms
on H+(X), statement (c) of Proposition 6.5 implies that τ is faithful. Moreover,
by Proposition 4.3, the action of P (X) commutes with that of SO(H). We know
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that C2i(i) is stable for both actions; hence, P (X) preserves the SO(H)-isotypical
decomposition of C2i(i). By part (c) of Theorem 6.3, every irreducible SO(H)-
subrepresentation V of C2i(i) appears with multiplicity 1, and, for any such V ,
we have GLSO(H)(V ) ∼= Q
×, where GLSO(H)(V ) denotes the group of linear auto-
morphisms of V which commute with the action of SO(H). It follows that P (X)
stabilizes V , and that any p ∈ P (X) acts on V as multiplication by some λ(p) ∈ Q×.
We claim that there exists a non-degenerate P (X)-invariant bilinear form on V . In
fact, such form can be constructed as follows: let ω denote the first Chern class of an
ample line bundle and define φω ∈ V
∨ ⊗ V ∨ by φω(α, β) := φ(L
n−i
ω α, β), where φ is
the pairing from §6.3(i). This form is clearly P (X)-invariant and its non-degeneracy
follows from the non-degeneracy of the restriction of φ to the gtot(X)-module gen-
erated by V . Hence, λ(p) ∈ {1,−1} for all p ∈ P (X). We deduce that P (X) is a
subgroup of the finite abelian group
∏
i≥2
∏
V⊂C2i(i) Z/2Z, where we take the product
over all irreducible SO(H)-representations V ⊂ C2i(i).
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